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(Toru Ohmoto, Kagoshima Univ)
: $f$ : $Marrow N$ ( r-th
degeneracy loci) “ Chern ” (f) $=$ $(f^{*}TN-TM)$ “universal





$c(f)$ (Thom ) .
, Euler , $c(f)$ ( $c(TM)$
degree) Chern
,
— “Segre-Thom ” — Segre
. , “ $G$- (
) $G$- Chern ” (cf. [7])
1 Thom
1J Riemann-Hurwitz
$f$ : $Marrow N$ Riemann $M$ $x\in M$
$e_{x}$ ( $f$ : (M, $x$ ) $arrow$ ( $N,$ $f$ (x))
$t\mapsto t^{e_{x}}$ , $e_{x}=1+\mu(f, x)$ ( $\mu(f,$ $x)$ Mflnor ) $)$
Milnor $\mu(f, x)=e_{x}-1$ $M$ “ ” ,
$\sum_{x\in M}$
(e$x-1$ ) $(= \int_{M}\mu(f)d\chi)=\deg f\cdot\chi(N)-\chi(M)$ (1)
, Rimann-Hurwitz . , $\deg f$ $f$








, $K$- $E-F$ Chern $c(E-F)=c(E)$ $c(F)^{-1}=$
$(1+c_{1}(E)+c_{2}(E)+\cdot)/(1+c_{1}(F)+c_{2}(F)+\cdot)$
(1) $c_{1}=c_{1}$ ( $f^{*}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{t}$ -source) $A_{1}$- Thom
$Tp(A_{1})$ $f$ generic–$\ni \mathrm{f}$ ( $A_{1}$- )
( , $t\mapsto t^{2}$ ) $-f\mathrm{X}$ , $A_{1}$- (virtual normal
bundle Chem ) 1
1.2
$f$ : $Marrow N$ $(\dim M=\dim N =2)$
$f$ , $A_{1}$ A2- ( )
:




$f$ $A_{1}$ - $\overline{A}_{1}$ (f) ( , $M$ ) , A2-
$\overline{A}_{2}(f)$ ( $M$ ) $i:\overline{A}_{i}(f)arrow M$
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, $c_{i}=c_{i}(f^{*}TN-TM)$ ,
$i_{*}[\overline{A}_{1}(f)]=c_{1}\wedge[M]$ , $i_{*}[\overline{A}_{2}(f)]=(c_{1}^{2}+c_{\nearrow 2})\wedge[M]$ (2)
(R. Thom, 1955) $c_{1}$ $Tp(A_{1})$ ,
$c_{1}^{2}+c_{2}$ A2- Thom $Tp(A_{2})$
1.3 Thom-Porteous
” ” 1- $\mathrm{H}\mathrm{o}\mathrm{m}$ ( $\mathrm{C}^{n}.,$ $\mathrm{C}$p) $\Sigma^{i}$ (1 Thom-Boardman
) . , $\{\begin{array}{ll}E_{n-i} O_{\mathrm{n}-i,i}O O\end{array}\}$ ( ) $\Sigma^{i}$
$f$ : $M^{n}arrow N^{p}$ , \Sigma i-
$\Sigma^{i}(f)=\{x\in M|\dim \mathrm{k}\mathrm{e}\mathrm{r}df_{x}=i\}$
- , $h:Earrow F$
1- $r$ , $i=\dim \mathrm{k}\mathrm{e}\mathrm{r}$ $=n-r$ $f$
generic , [$\overline{\Sigma}^{n-r}.$ (f)] $M$ Poincare’ , Thom-Porteous
Schur $((i,j)$ %-r-i+j(f) $(n-r)$
$(\Delta_{(p-r)^{(n-r)}})$ :
$Dual\circ i_{*}$ $[1^{\cdot}n-r(f)]=\triangle-r)(n-r\rangle=(p\det\{\begin{array}{llll}\phi-r \%-r+1 \%+n-2r-1\%-r-1 \%-r \mathrm{q}_{-n+2r-2}\vdots \vdots \ddots \vdots\%-n+1 \%-.n+1 \%-r\end{array}\}$
$\overline{\mathit{5}_{\lrcorner}}^{\neg\cdot n-r}$ (C $\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{C}^{n},$ $\mathrm{C}^{p})$ ) Thom $Tp(\Sigma^{n-r})$ Schur
,
1.4 Thom
, Thom ( )
, , $M$ , $H_{*}(M)$ Borel-Moore
1 ( ) $f$ : $M^{n}arrow N^{n+k}$.
, $k\in \mathrm{Z}$ $f$ map-codimension
1 $M$ , 1 $H_{*}$ ( $M\cup\{pt\},$ {pt})
.
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Theorem 1J (R. $Thom_{f}$ cf. Feh\’er-Rim\’anyi [2], Kazarian[4p $l\eta$ map-cod $k$ K-
, $Tp$ (\eta )(c1
$\rangle$
$c_{2},$ $\cdots$)($c_{i}$
$=2\prime i)$ : $ma’ pping$-codimension $k$ generic 2 $f$ : $M^{m}arrow N^{m+k}$
( $M,$ $N$ ) , :
$i_{*}[\eta(f)]=Tp(\eta)(c(f))\wedge[M]$ . (3)
, $Tp(\eta)(c(f))$ , $Tp(\eta)$ $\mathrm{c}_{i}=$ (f) $=$ $(f^{*}TN-TM)$
$M$
(1) .
$f,$ $g$ : $($ \sigma , $0)arrow(\mathrm{C}^{n+k}, 0)$ K- , $g^{-1}$ (0) $f^{-1}$ (0)
$\varphi$ :(Cn, $0$) $arrow(\mathrm{C}^{n}, 0)$ ( $f^{*}m_{n}=\varphi^{*}g" m,$ , $m_{n}$ $O\mathrm{c}^{n},0$
) $f$ $g$ A- , $g=\tau \mathrm{o}f\mathrm{o}\varphi$
$\varphi,$ $\tau$ $f$ $g$ A- K-
$\mathrm{r}$ $f$ $g$
$\mathcal{K}$- , $\varphi$ : (Cn, $0$) $arrow(\mathrm{C}^{n}, 0)$
$A$ : $(\mathrm{C}^{n}, 0)arrow$ ( $GL$(n, $\mathrm{C}$), $A($0)) , $g(x)=A$(x). $f$ (\mbox{\boldmath $\varphi$}(x))
. , $(\varphi, A)$ $\mathcal{K}(=\mathcal{K}n,n+k)$
$\mathcal{K}$ l- $\mathcal{K}^{l}$ r
$\bullet$
$’\eta$ K- , $J^{l}$ (Cn, $\mathrm{C}^{n+k}$) K\subsetneq , ’-
( $\eta$ K.ln, $\cdot$n+k- ( ) )
$.\eta(\subset J^{l}(\mathrm{C}^{n}, \mathrm{C}^{n+k}))$ $\mathrm{c}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{m}’\eta$ .
$\bullet$ $\mathrm{r}_{n}\leq m$ , $J^{l}$ (Cn, $\mathrm{C}^{\mathrm{n}+k}$) $arrow J^{l}$ (Cm, $\mathrm{C}^{m+k}$) Km,m+k-
. $\eta(m):=\mathcal{K}_{m,m+k}.\eta$ , $\{\eta(m)\}_{m>n}$
, $\mathcal{K}$- $|\eta$ - , $\eta(\prime m)$ $J^{l}$ (Cm, $\mathrm{C}^{m+k}$ ) $m$
$(=\mathrm{c}\mathrm{o}\dim\eta)$ ,. $\mathcal{K}$- $\eta$ (in $J^{l}$ (Cn, $\mathrm{C}^{n+k}$)) $f$ : $M^{m}arrow N^{m+k}(m\geq n)$ ,
$’\eta$(f) $:=$ { $x\in M|$ J $f_{x}\in\eta(m)$ (using coordinate systems)}
. $\eta(f)$ $M$ $[\overline{\eta}(f)]\in H_{m-s}(M)$
$(s=\mathrm{c}\mathrm{o}\dim\eta)$ .
(2) ( ) :
$f$ : $Marrow N$ $N$ $s$ $W$ (
) ,
Dual $[f^{-1}(W)]=f^{*}[W]\in H^{s}(M)$ .
2 $f:Marrow N$ generic , l- $j^{t}f$ : $Marrow J^{l}$ (TM, $TN$) $\overline{\eta}(M, N)$ (
strata) .
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$\circ TM\oplus\tau$ ( $s$ ) : $TM\oplus\tau\simeq\epsilon^{n+s}$ .
$J^{l}$ (TM, $TN$) , $J^{l}(TM\oplus\tau, TN\oplus\tau)$ , $l$ - $j^{l}f$
$j^{l}(f\cross id)$ .
. , $G=\mathcal{K}^{l},$ $V=J^{l}(n+s, n+s+k),$ $B$v $:=V\cross_{G}E$G, $B_{\eta}:=\eta \mathrm{x}cEG$







$M$ $arrow$ $M\mathrm{x}N$ $-^{\rho}$ $B_{G}$ $\sim$ $BU(n+s)\mathrm{x}BU(n+s+k)$
, $\eta(f)=(\overline{\rho}\mathrm{o}j(f\cross id))^{-1}B_{\eta}$.
2 Segre
$V$ Poincare’ . $V$
, blowing-up smoothing $V$ “ ”
, $V$ , .
, pull back <pushforward, specialization...etc








: “ blowing-up” $p$ : $V’arrow V$ , $V’$
( $cl$ (V’) ) , $V’$
$V’$ $V$ pushforward $d_{*}(V):=p_{*}(cl^{*}(V’)\cap[V’])\in$
$H_{*}(V)$ “$V$ $d$ ”
, $\lceil V$ “ ”
, $d_{*}(V)$ ,
, 3 Chern ,
lton $c^{J}$ (V), Chern-Mather $C^{M}$ (V),
Chern-Schwartz-MacPherson $C^{SM}(V)$
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(3 Fulton [3] ) $V$
$|$ , Segre- (“ $\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{l}$ inverse”
) $s^{F}$ (V, $M$), $s^{M}$ (V, $M$), $s^{SM}$ (V, $M$) 1
2.1 Chern class Segre class
$n$ $Earrow X$ , $p:P(E)arrow X$ ,
line bundle $O_{P(E)}(1)$ (toutological line bundle $O_{P(E)}(-1)$ )
$0arrow Karrow|p^{*}Earrow O_{P(E)}(1)arrow 0$
. $t=c_{1}$ (OP(E)(l))(Eder ) , $E$ Chem $(E)\in H^{2i}(X)$ ,
$t^{n}.+p’ c1(E)t^{n-1}.+\cdots+p$”cn(E) $=0$ $\in H^{2n}(X)$
$|$ Chern $c(E)=1+c_{1}(E)+\cdots+$ (E) .
$E$ Segre ,
$s_{i}(E)=$ $(-E)\in H^{\mathit{2}:}(X)$





$A_{*}(X)$ , (operational) $A^{*}(X)$ , . , $(\text{ })$
<. Segre $c(E^{*})^{-1}$ , Pulton
.)
2.2 Segre covariant class & Fulton’s canonical class
$X$ $n$ (irred. quasi-projective scheme). $V(\subset X)$ ideal
$I(\subset \mathcal{O}_{X})$ (closed scheme) , $V$
$D=$ Proj $(O_{X}/I\oplus I/I^{2}\oplus I^{2}/I^{8}\oplus\cdots)$
$V$ ($I$ ) blowing-up $X’arrow X$ $D$
$D$ $n-1$ ($X$ ) $V$ $i$ Segre co riant ,
$s:(V, X)=|p_{*}(c_{1}(\mathcal{O}_{D}(1))^{n-1-i}\cap[D])\in H_{2:}(V)$
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Segre covariant $s$ (V, $X$ ) $=\Sigma s_{i}$ ( V, $X$)
, ambinent spac.e $X$ , $M$ $\mathrm{t}$ ,
, Segre covariallt $s^{F}$ (V, $M$) $:=s$ (V, $M$) . $V$
Fulton (canonical class) $F$ (V) , Segre covariant $TM$ Chern
:
$c_{*}^{F}(V):=c(TM|_{V})\wedge s(V, M)\in H_{*}(V)$
$c^{F}$ (V) $Varrow M$ (cf. [3] page 77)
,
$s^{F}(V, M)=c(TM|_{V})-1\wedge c_{*}^{p}(V)$
, $V$ , $\nu(=TM|_{V}-TV)$
,
$c(\nu)s$F $(V, M)=[V]$ , , $s^{F}$ (V, $M$) $=c(-\nu)\cap[V](=s(\nu)\cap[V])$ .
2.3 $\mathrm{S}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}- \mathrm{E}^{1\int}$ Chern-Mather class
$n$ $M$ $m$ ( ) $V$
$TM$ $m$- $G_{m}$ (TM) , $V$






$p$ : $\hat{V}arrow V$ $V$ Nash blowing up $G_{m}$ (TM) $m$
toutological vector bundle $\xi$ , $\hat{V}$ $\overline{TV}:=\xi|_{\hat{V}}$
, Nash tangent bundle , ,
$C_{i}^{M}(V):=p_{*}(u_{-i}(TV)\wedge[\hat{V}])\in H_{2i}(V)$
, $V$ $i$ Chern-Mather $C^{M}(V)=\Sigma C_{i}^{M}$ (V)
$C^{M}$ (V) $M$ $V$ $Varrow M$
(cf. [3], page 79)
, $V$ Segre-type Mather :
$s^{M}(V, M):=c(TM|_{V})^{-1}\wedge C^{M}(V)\in H_{*}(V)$
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Chern-Mather $s^{M}$ (V} $M$) , Fulton Segre cO-
variant 3
2.4 Segre- Schwartz-MacPherson class
$V$ $x\in V$ , $Eu_{V}(x)\in \mathrm{Z}$ local
Euler obstruction $Euv$ : $Varrow \mathrm{Z}$ (cf. [5]) $V$ $S_{i}$
$V$ Whitney stratification $V=\cup S_{reg}$ , $1_{V}=\Sigma_{S}n$sEus
,
$C^{SM}(V):=C^{M}(V)+ \sum_{S}n_{S}C^{M}(S)$
, $V$ Chern-Schwartz-MacPherson (cf. Schwartz [9], MacPherson
[5], [1] $)$ . Mather $C^{SM}$ (V) $V$ $Varrow M$
.
, $\mathcal{F}(X)$ $X$ , $X$
$V$ ( $i$ : $Varrow X$) $1_{V}$ , $C_{*}(1_{V})$ :=
$i_{*}C^{SM}(V.)\in H_{*}(X)$ , Chern-MacPherson $C_{*}:$ $\mathcal{F}(X)arrow H_{*}(X)$
$C_{*}f_{*}=f_{*}C_{*}$ , $X=M$ ( ) ,
$C_{*}(1_{M})(=C^{SM}(M))=c(TM)\wedge[M]$
, , $C^{SM}$ (V) 0 $V$ Euler :
$\chi(V)=C_{0}^{SM}(V)\in H_{0}(V)\simeq \mathrm{Z}$ (V ( ) )
, $V$ $\pi$ : $Marrow\{\prime pt\}$ ,
$\pi_{*}C*(1V)$ $=$ \sim C,(1V) $=C_{*}( \pi_{*}1v)=\sim 1V(pt)=\int_{M}1Vd\chi=\chi$(V). $\blacksquare$
, $V$ Segre-type $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{w}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{z}_{-}^{-}$MacPherson :
$s^{SM}(V, M):=c(TM|_{V})^{-1}\wedge C^{SM}(V)\in H_{*}(V)$
$V$ (reduced) $m=\dim V$ 3 Segre-type class
top dimensional part ($m$-th part) , $V$ :
$s_{m}^{M}(V, M)=s_{m}^{SM}(V, M)=s_{m}^{F}(V, M)=[V]$.
3 Chern-Mather , Chern $c(\overline{TV})$ Segre $S^{M}$ (V, $M$) $:—$





Theorem 3.1 $l\eta$ map-cod $k$ $\mathcal{K}$ - , $s=\mathrm{c}\mathrm{o}\dim\eta$ . ,
$s^{SM}( \eta)=\sum.s_{j}^{SM}(\eta)(c_{1}, c_{2}, \cdots)\infty$
$j=s$
: $‘ {}^{t}gene$ri $c^{\prime f}$ $f$ : $M^{m}arrow N^{m+k}$ ( $M,$ $N$ )
, :
$i_{*}s^{SM}(\eta(f), M)=s^{SM}(\mathrm{y}\mathrm{y})(c(f))$ $\wedge[M]$ ,
Remark 32 (1) $(*)$ :
$i_{*}CSM(\mathrm{y}\mathrm{y}(f))$ $=c(TM)s^{SM}(\eta)(c(f))\wedge[M]$ . $(*’)$
( , $s^{SM}$ (\eta )(c(f)) , $s^{SM}$ (\eta ) $c_{i}=\mathrm{q}.(f)=c_{i}(f^{*}TN-TM)$
$M$ , $i:\eta(f)arrow M$ .)
, $s^{SM}$ (\eta ) $.\eta$ Th$om$ :
$s^{SM}(\eta)=s$j$M(\mathrm{y}\mathrm{y})$ $+\cdots=Tp(\eta)+\cdots$ $(s=\mathrm{c}\mathrm{o}\dim\eta)$ .
(2) Segre-Mather (Chern-Mather ) Segre covariant (Fulton )
.
Corollary 33 $\eta$ map-cod $k$ $\mathcal{K}$ - . , l‘generic”
$f$ : $M^{m}arrow N^{m+k}$ , $\eta$ $\eta(f)$ Euler :




Example 34 $\eta$ 1-jet space $J^{1}$ (m, $m+k$) $=Ho$m(Cm, $\mathrm{C}^{m+k}$ ) rank singu-
larity
$\Sigma^{i}-=\{h\in J^{1}(m,m+k)|\dim \mathrm{k}\mathrm{e}\mathrm{r}h\geq i\}$
$l$ rank $m,$ $m+k$ $Earrow M,$ $F$ \rightarrow M $f$ : $Earrow F$
, $f$ degeneracy loci
$\Sigma^{t}(f)=\{x\in\#|\dim \mathrm{k}\mathrm{e}\mathrm{r}(f_{x} : E_{x}arrow F_{x})\geq i\}$
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Segre $M$ $i_{*}s$ ( $\overline{\Sigma}^{i}$ (f), $M$) , ( $f$
) ’universal $s(\Sigma^{i}-)$ (c(f)) ,
( Thom-Porteous ) Segre Chem-Schwartz-MacPherson
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